Abstract: A method for accurately calculating the sampling volume in a tilted imaging system is proposed. Two types of tilted imaging systems are investigated, i.e., Type I (only the object plane is inclined to the optical axis) and Type II (both the object plane and the image plane are inclined to the optical axis). Based on geometrical optics, the sampling volumes of these two types of tilted imaging systems have been simulated. Compared with the central magnification of an imaging system and the focal length and F -number of the imaging lens, the effect of the tilted angle of the object plane on the sampling volume is determined to be more important. A tilted imaging experimental setup has been established, calibration plate images at various tilted angles and positions have been acquired, and the sampling volume has been obtained by image processing. The experimental results are in very good agreement with the theoretical predictions. As the tilted angle increases, for the Type-I system, the sampling volume increases, whereas for the Type-II system, the sampling volume decreases. In addition, the sampling volume of the Type-II system is larger than that of the Type-I system. Knowledge of the sampling volume is necessary in many quantitative applications of tilted imaging systems.
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Introduction
An optical imaging system has important applications in many fields because it provides a lot of information about an object plane. A conventional imaging system satisfies the condition that the object plane, lens plane, and image plane are parallel to each other. However, this type of imaging system has been unable to meet the requirements of some special fields; thus, the tilted imaging system has attracted much attention. There are two types of tilted imaging systems: Type-I (only the object plane is inclined to optical axis) and Type-II (both the object plane and image plane are inclined to the optical axis). Type-I systems are widely used in the glare point imaging technique. Glare point imaging described by van de Hulst and Wang [1] is a relatively new type of particle size measurement technique and has important applications in spray flows. Recently, scholars have performed extensive research on droplet size and velocity measurements in glare point imaging systems [2] - [4] . Moreover, a combination of infocus and out-of-focus imaging has been simultaneously used to determine the size and velocity of droplets [5] - [7] . Type-II systems follow the Scheimpflug principle, which has important applications in ophthalmology and laser triangulation. These systems have been applied to assess the anterior chamber configuration [8] - [11] . The anterior chamber depth has been measured by Kashiwagi et al. [12] . Grewal has discussed the clinical applications and limitations of Scheimpflug imaging in modern cataract surgery patients [13] and Masters has studied the 3-D microscopic tomographic imaging of the cataract in a human lens in vivo [14] . Based on the Scheimpflug principle, the design and manufacture of a multi-detector triangulation laser probe has been presented by Shiou and Cheng [15] and a novel structure of 3-D camera based on laser double triangulation displacement sensor is proposed by Wang et al. [16] . Analysis of imaging for laser triangulation sensors under Scheimpflug principle has been proposed by Miks et al. [17] . Type-II systems can also be used for particle image velocimetry in liquid flows [18] , [19] . A model to recover distorted particle image velocimetry images of a droplet has been developed for an accurate flow field by He and Duan [20] . In addition, newly developed fringe projection 3-D microscopy is presented by Yin et al. and the Scheimpflug principle is employed in system to make full use of the limited depth of field [21] .
The sampling volume of an imaging system is the volume in the object space that can produce clear images on the focused image plane. It is the intersection between the illumination beam, imaging range of the object space limited by the size of the charge-coupled device (CCD) target surface, and plane between the front and back depth of field. Therefore, the sampling volume is correlated to the tilted angle, focal length, F -number, central magnification, size of the CCD target surface, and thickness of the illumination beam. The object plane of a conventional imaging system is rectangular due to the size limitation produced by the CCD target surface, whereas the object plane of a tilted imaging system is trapezoidal because different positions on the object plane have different magnifications. Therefore, the sampling volume of a tilted imaging system is complicated. Knowledge of the sampling volume is necessary in many quantitative applications of tilted imaging systems. Up until now, a measurement method for the sampling volume of a tilted imaging system has not yet been proposed.
Therefore, the objective of this study is to accurately calculate the sampling volume of these two types of tilted imaging systems. Based on geometrical optics, the formula for the sampling volume has been derived, and the effects of the tilted angle, central magnification, focal length, and F -number on the sampling volume have been analyzed. A tilted imaging experimental setup has been established, and through both theoretical and experimental analyses, the sampling volume of the tilted imaging system has been calculated.
Theoretical Model
Diagrams of the two types of tilted imaging systems are presented in Fig. 1 . Fig. 1(a) is a Type-I system; the CCD target surface is parallel to the lens plane, and the object plane tilts toward the optical axis with a tilted angle . Fig. 1(b) is a Type-II system, which follows the Scheimpflug principle. The Scheimpflug principle states that the CCD image plane, lens plane, and object plane intersect at a line and that the object plane tilts toward the optical axis with a tilted angle . In the following sections, we use OP to denote the object plane, LP to denote the lens plane, and IP to denote the image plane.
Model of Type-I System
LP and IP are parallel, and OP tilts toward the optical axis with a tilted angle , as illustrated in Fig. 2 . Assuming that points M and N are on the edge of the plane of focus (PoF), when the lens is in focus on point N, its image N 0 is on IP. The images of Q 2 and Q 4 are Q 2 0 and Q 4 0 , after and before IP, respectively, whose images are circles of confusion with a diameter of on IP. Due to the size limitation of the CCD target surface, the imaging range of the object space is restricted; hence, the quadrilateral area in the paper surface surrounded by four points Q 1 ; Q 2 ; Q 3 ; and Q 4 is the region of the depth of field. Assuming points A, B, F , and G are on the central horizontal line of OP, as illustrated in Fig. 3 , points A and B are on the edge of OP, points F and G are on the edge of depth of field, and h A ; h B ; h F ; and h G are the lengths of the trapezoidal bottom side through the corresponding point on OP, respectively. The coordinate system is defined in Fig. 2 , and t , which is the parallel displacement distance of OP, is positive when it is close to LP and negative when it is away from LP. Assuming that u Ã denotes the object distance of its subscript and v Ã denotes the image distance of its subscript, u Ã and v Ã are unsigned numbers. For example, the object distance of the central point O is u o , its image distance is v o , and its magnification is o .
According to the similarity of triangles and Gaussian equation, the depth of field of this imaging system is front depth of field :
back depth of field :
where f is the focal length of the imaging lens, and d a is the clear aperture of the imaging lens. The equations of u A and u B in terms of the similarity of triangles are
where a is the width of the CCD target surface. Vol. 7, No. 6, December 2015
The equations for h A and h B are
where b is the height of the CCD target surface. The distance between point A and point B, which is the height of the trapezoidal OP, is
The base angle of trapezoidal OP is
The equations for u F and u G are
tt , as shown in Fig. 3 , is expressed as
The distances of the line segments BF ; AG; AF ; FG are
The equations for h F and h G are
According to (1)- (16), the clear area that is trapezoidal on OP is
Therefore, the sampling volume is each clear area of OP to the integral of the displacement distance of OP
where c is the thickness of the illumination beam. 
Model of Type-II System
The Scheimpflug principle inferred from projective geometry is a geometric rule that describes the orientation of PoF of an optical system when LP is not parallel to IP. The extension of IP and LP meet at a line, which is called the Scheimpflug line ðSÞ. PoF, which tilts toward the optical axis with a tilted angle , also passes through the Scheimpflug line, as illustrated in Fig. 4 . Under this condition, a planar object that is not parallel to IP can be completely in focus. The focus is adjusted by rotating the PoF rather than displacing it along the optical axis. The rotation axis ðGÞ is the intersection between the front focal plane of the lens and a plane not only through the center of the lens but also parallel to IP. As IP is moved from IP1 to IP2, the PoF rotates about the axis G from position PoF1 to position PoF2, and S moves from position S1 to position S2 [22] .
When the Scheimpflug principle is employed, the depth of field becomes wedge shaped with the apex of the wedge at the rotation axis G. The quadrilateral area surrounded by four points Q 1 ; Q 2 ; Q 3 ; Q 4 is the depth of field because of the size limitation caused by CCD target surface.
Similar to the Type-I system, the coordinate system and parallel displacement distance of OP, t , are defined. First, the coordinates of eight points Q 1 ; Q 2 ; Q 3 ; Q 4 ; A; B; M; and N are solved. Points M and N are on the edge of PoF, and points A and B are on the edge of OP. It is important to note that if IP is tilted with respect to LP, the circles of confusion become ellipses. Assuming that the circles of confusion are used to substitute for ellipses of confusion, the calculation method is similar to that used for the Type-I system. Then, the equations of straight lines AB, Q 1 Q 2 and Q 3 Q 4 would be solved. Eventually, the clear area that is trapezoidal on OP (perpendicular to the paper surface) would be solved.
Assuming that the distance between the Scheimpflug line and the optical center of the lens is H, and the angle between LP and IP is , which is expressed as tan
the equations of u A and u B in terms of the similarity of triangles are
The height of points A and B are
When t ¼ 0, u A , and u B become to u M and u N , and y A and y B become to y M and y N . The equations of h A and h B are
The distance between points A and B is
The image distance of point Q 1 is
Therefore, the object distance of point Q 1 is
The magnification of point Q 1 is
The height of point Q 1 0 is
The height of point Q 1 is
The coordinate of point Q 1 is ðÀu Q1 ; y Q1 Þ. Other point coordinates Q 2 ; Q 3 ; and Q 4 can be obtained similarly. The equations of straight lines, AB, Q 1 Q 2 , and
The clear area of OP is solved as follows. a) If t ⩾ 0, solve the coordinate of intersection P of line AB and line
b) If t G 0, solve the coordinate of intersection P of line AB and line
Here
Therefore, similar to the Type-I system, the sampling volume is
Simulation and Analysis
To verify the above analysis, the sampling volume with parameters of the tilted angle, focal length, central magnification, and F -number was simulated, as illustrated in Fig. 5 . Assuming that the thickness of the illumination beam is 1 mm, the displacement distance of OP is À0:5 mm t 0:5 mm. Fig. 5(a) shows the change of the sampling volume as a function of the tilted angle. For any tilted imaging systems except for special application, the tilted angle can range from 0°to 180°. However, we mainly use the tilted imaging systems for particle measurement. When a spherical droplet in the flow field is illuminated by the pulsed laser sheet, the reflected and first-order refracted light from the droplet are dominant in the wide-angle forward-scatter region around 30°-80° [23] . Therefore, in this paper, we limited the titled angle from 30 to 80°. For the Type-I system, as the tilted angle increases, the sampling volume increases, whereas for the Type-II system, the sampling volume decreases. For Fig. 5(b) , considering these two types of tilted imaging systems, the sampling volume decreases with increasing focal length. However, the change is small, which is essentially constant. In Fig. 5(c) , in terms of these two types of tilted imaging systems, the sampling volume decreases as the central magnification increases. When o G 0:6, with the increase of the central magnification, the sampling volume decreases quickly; when o > 0:6, with the increase of the central magnification, the sampling volume decreases slowly, which is substantially unchanged. In Fig. 5(d) , for the Type-I system, with F -number increasing, the sampling volume increases first, and then remains constant, whereas for the Type-II system, the sampling volume remains constant as the F -number increases. The reason due to which the sampling volume remains constant is that the depth of field increases as the F -number increases. When the depth of field increases to a certain extent, the illumination beam is completely in the range of the depth of field. Therefore, when the thickness of the illumination beam is constant, the sampling volume remains unchanged from a certain F -number.
Experimental Results
To validate the measurement method of the sampling volume experimentally, the experimental setup was assembled. The experimental setup consisted of a CCD sensor, imaging lens, and In the study, the calibration plate used for imaging was placed in the position of the OP, as shown in Fig. 1(a) and (b). The angle between the scribed line surface of the calibration plate and optical axis is . The geometric center of the scribed line surface of the calibration plate passes through the optical axis of the imaging lens. The geometric center of the CCD target surface also passes through the optical axis and is conjugate to the geometric center of the scribed line surface of the calibration plate. Two rotation platforms were used to control the tilted angles of OP and IP relative to the optical axis, respectively. A one-dimensional displacement platform placed under the calibration plate was employed to allow the calibration plate to move parallel at an interval Át ¼ 0:1 mm, and the displacement distance is À0:5 mm t 0:5 mm. A 2-D displacement platform placed under the CCD sensor was used to adjust the focusing IP when t ¼ 0:0 mm. A sequence of calibration plate images can be acquired from the CCD sensor. Calibration plate images cut to a size of 600 pixels Â 600 pixels were processed by edge extraction, and the clear area of the OP that was the sampling area could be obtained. The integral of the sampling area for the displacement distance is the sampling volume at this tilted angle . Repeating the above steps for each tilted angle, we would obtain the relation between the sampling volume and the tilted angle to obtain the empirical calculating formula between the sampling volume and tilted angle. Taking ¼ 60 as an example, for these two types of tilted imaging systems, the calibration plate images after edge extraction with a parameter À0:4 mm t 0:4 mm, Át ¼ 0:2 mm are presented in Fig. 7 . Fig. 7(a) -(e) belong to the Type-I system, and Fig. 7(f)-(j) belong to the Type-II system. For the Type-I system, from t ¼ À0:4 mm to t ¼ 0:4 mm, the calibration plate images move to the left collectively, and the sampling area primarily remains unchanged. For the Type-II system, from t ¼ À0:4 mm to t ¼ 0:4 mm, the calibration plate images also move to the left collectively, and the sampling area gradually decreases, but with a slight change. Moreover, the magnification of the left and right side of a calibration plate image is not the same. For these two types of tilted imaging systems, the sampling area of the Type-II system is larger than that of the Type-I system. Fig. 8 presents the calibration plate images after edge extraction at t ¼ 0:0 mm and tilted angle 45
75
, Á ¼ 10 . Fig. 8(a) -(d) belong to the Type-I system, and Fig. 8 (e)-(h) belong to the Type-II system. For the Type-I system, as the tilted angle increases, the sampling area also increases, whereas for the Type-II system, as the tilted angle increases, the sampling area decreases. For these two types of tilted imaging systems, the sampling area of the Type-II system is larger than that of the Type-I system. The sampling area could be obtained by extracting the clear part of the calibration plate images after edge extraction. The numerical values of the sampling area are presented in Table 1 for the Type-I system, and in Table 2 for the Type-II system.
The sampling volume is the integral of the sampling area for the displacement distance. The theoretical and experimental sampling volumes along with the change of the tilted angle with parameters f ¼ 50 mm, F ¼ 1:4, o ¼ 0:258 are shown in Fig. 9 . Fig. 9(a) presents the results for the Type-I system, and Fig. 9(b) presents the results for the Type-II system. The black line represents the theoretical values, and the red-star-shaped points represent the experimental values. The theoretical and experimental curves show the same trend. However, these two curves do not match perfectly. First, in theoretical analyzing the relationship between sampling volume and tilted angle, we have assumed these factors such as the central magnification of imaging system, focal length or F -number of imaging lens remain unchanged. However, in the actual experimental setup, these factors are impossible to remain unchanged, so they will have an effect on sampling volume. Second, in the process of acquiring an image, the incline of the object plane results in the uneven illumination of the image plane, thus affecting the contrast of calibration plate images. The uneven image will cause the image to exact difficult. Finally, the homogeneity of light source and the noise of CCD sensor also introduce errors. Therefore, the measurement errors inevitably occur, and it leads to the difference between theoretical predications and experimental results. For the Type-I system, as the tilted angle increases, the sampling volume increases, whereas for the Type-II system, the sampling volume decreases. In addition, the sampling volume for the Type-II system is larger than that for the Type-I system.
Discussions
The sampling volume is correlated to the tilted angle, focal length, central magnification, and F -number. According to the simulation and experimental verification, for these two types of tilted imaging systems, the sampling volume decreases with increase in the focal length or central magnification. In addition, for the Type-I system, the sampling volume increases with increase in the tilted angle, and when the F -number increases, the sampling volume first increases, and then remains constant. For the Type-II system, the sampling volume decreases with increasing tilted angle, and the sampling volume remains constant as the F -number increases. Under the same condition, the sampling volume of the Type-II system is larger than that of the Type-I system. However, for the Type-II system, ellipses of confusion will be formed instead of circles of confusion on the CCD IP. Therefore, imaging may cause deformation. Moreover, smaller tilted angles result in more severe deformation.
In summary, to increase the sampling volume, the following steps should be used. a) For a Type-I system, select a larger tilted angle; for a Type-II system, select a smaller tilted angle under the premise to ensure a clear image. Sampling area of the Type-II system b) For a Type-I or Type-II system, select a smaller central magnification. c) For a Type-I or Type-II system, select a larger F -number, which is associated with the focal length. d) For a Type-I or Type-II system, since the effect of the focal length is small, the selection of the focal length is associated with the F -number.
Conclusion
We presented a method to accurately calculate the sampling volume based on geometrical optics in two types of tilted imaging systems. We mainly studied the effect of the tilted angle on the sampling volume both theoretically and experimentally. The experimental results and theoretical predictions were in good agreement. For the Type-I system, as the tilted angle increases, the sampling volume increases, whereas for the Type-II system, the sampling volume decreases. In addition, the sampling volume of the Type-II system is larger than that of the Type-I system. Therefore, if a larger sampling volume is needed, the Type-II system should be selected. However, the magnification of different positions on the OP is not the same. This method has wider application in some fields using tilted imaging systems.
